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Abstract

This paper will discuss methods for solving many different partial differential
equations, as well as real world applications in physics. We are interested
in finding solutions to the wave and heat equations in one dimension, the
wave equation in two dimensions, as well as a solution to Schrédinger’s equa-
tion. In order to do this, we will study different methods including Fourier
series, Bessel functions, and Hermite polynomials. I will use these meth-
ods to derive solutions for the mentioned problems, as well as to produce
visualizations for many of them.
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Chapter 1

Introduction

Mathematical models have been used for centuries to describe how objects
move and interact. For this reason, we frequently find many concepts of
mathematics tied closely with work in the physical sciences.“Mathematical
equations have always provided a context in which to formulate concepts
in physics — Maxwell’s equations for electrodynamics phenomena, Newton’s
equations describe mechanical systems, Schrodinger’s equation describes as-
pects of quantum mechanics, and so on.” [3] Many of these models are known
as partial differential equations (PDEs). A PDE is a relation between
an unknown function of more than one variable and its partial derivatives.

There are many different methods for solving PDEs. “The classical ap-
proach that dominated the nineteenth century was to develop methods for
finding explicit solutions.” [2] Motivated by the desire to solve problems
in physics like the wave and heat equations, different solutions began to
emerge. This paper will highlight some of the methods used, as well as their
applications in physics.

First, we will begin by developing tools that we use to solve linear partial
differential equations. The first tool that we will see for solving PDEs is the
Fourier series, developed by the French mathematician Joseph Fourier, “who
claimed that any function defined on a finite interval has a Fourier series
expansion.” [1] Before we can utilize Fourier series, we will first learn about
properties of periodic functions, which will be very useful in our study. Then,
we can apply Fourier series in the field of physics through the solutions of
classic partial differential equations: the wave and heat equations in one
dimension.

If we want to study some of these equations in two dimensions, however,
we will need even more tools. In this instance, we will study Bessel functions
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10 CHAPTER 1. INTRODUCTION

and their properties. Using Bessel functions, we will be able to derive a
solution for the two dimensional wave equation. At this point, we will look
at other sets of functions, which will be called orthogonal functions, that
we will use so solve problems in quantum physics.

The paper will conclude with a study of quantum physics, most specif-
ically Schrodinger’s equation, which describes the motion of a sub-atomic
particle, like an electron. This study will be a culmination of all that was
learned in the simpler cases. Like the other problems in physics, a solution
will be derived using the superposition of various normal modes.



Chapter 2

Tools for Solving Partial
Differential Equations:
Fourier Series

One method to solve many linear partial differential equations is through
Fourier series. Like Taylor series in calculus, we are attempting to model
a function through a series expansion. While the Taylor series focuses on
sums of polynomials, the Fourier series is an expansion based on the sums
of sines and cosines. It takes the following form for a function f:

f(x) =ag+ Z(an cos nx + by, sinnx) (2.1)

n=1

The idea is that “any real valued function defined on a closed interval
can be represented as a series of trigonometric functions” [2]. As we will
see, trigonometric functions like sine and cosine have interesting properties
that will allow us to solve classic problems in physics like the wave and heat
equation.

2.1 Periodic Functions

When discussing Fourier series, it is important to discuss properties of pe-
riodic functions. A function f is periodic, or T-periodic for a period T,
where T > 0, if that function satisfies

11



12 CHAPTER 2. FOURIER SERIES

f(x) = f(x +T), for all x.
For example, the functions sin and cos are 27-periodic, as

sinz = sin (z + 27),

cosx = cos (z + 2m).

We can study some properties of periodic functions that will help us to
better understand Fourier Series. When discussing periodic functions, we
often refer only to functions that are piecewise continuous or piecewise
differentiable. A function is piecewise continuous on a closed interval
[a, b] if it is continuous except possibly at a finite number of points in [a, b],
where the function has a simple discontinuity [3]. A function is piecewise
differentiable on a closed interval [a,b] if f and f’ are are both piecewise
continuous on [a, b].

The following theorem shows a property of T-periodic functions that is
very useful: the definite integral of a T-periodic function is the same over
any interval of length 7. This will allow us to change the integrands as
needed when evaluation these functions over an interval of length T'.

Theorem 2.1.1. [1] Suppose that f is piecewise continuous and T-periodic.
Then for any real number a, we have

a+T

/Tf(x)dx:/f(:x)dx
0

a

Proof. The proof of this is fairly simple using the Fundamental Theorem
of Calculus. If we assume f is continuous and T-periodic, let F(a) =
a+T

| f(z)dz. Then F'(a) = f(a+T) — f(a) =0, as f(a+T) = f(a) because
a

f is T-periodic. Thus F'(a) is constant, so F'(a) = F(0), which proves the
theorem. ]

The most common periodic functions, the trigonometric functions of
sine and cosine, have interesting orthogonality properties which will be used
frequently in our solutions of different partial differential equations.

Example 2.1.1. We can also examine the antiderivatives of periodic func-
tions. Suppose that a function f is 2m—periodic, and let a be a real number.
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Define

F(x) = /f(t)dt, for all .

2
Show that F(x) is 2w —periodic iff [ f(t)dt = 0.
0

Proof. Assume F(z) is 2n—periodic. Thus F(x) = F(z + 27). And

427 x 421

jf(t)dt: / f(t)dt:/f(t)dt+ / Ft)dt

T

T 2w
:/f(t)dt+/f(t)dt by Theorem 2.1.1
a 0

2m
Therefore, [ f(t)dt =0.
0

2m
Assume [ f(t)dt = 0. Then
0

427 T 427

F(z+2rm) = / ft)dt = /f(t)dt+ / f(t)dt
' aac er
:/f(t)dt+/f(t)dt by Theorem 2.1.1
a 0

- / f(tydt = F(x)

O

The periodic functions that we will be most interested in are the trigono-
metric functions of sine and cosine. We can see that these are 2w-periodic
functions. A property of these functions that we will find useful are their

orthogonality properties. For now, we will simply state that two functions
b

f and g are orthogonal on an interval [a,b] if [ f(z)g(x)dx = 0. We will

a
further develop this notion later in the paper. For now, let us consider the
following orthogonality properties of sine and cosine.
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Proposition 2.1.2. [1]

™

/cos mx cosnx = 0 if m#n for integers m, n. (2.2)
™
/cos maxsinnz = 0 for all integers m and n (2.3)
-
K
/sin mzsinnz = 0 if m#n for integers m, and n. (2.4)
—T
Proof.
1
/cos ma cos nzdr = / §[COS (m+ n)x + cos (m — n)z]
—T —T

171 I "
=— sin (m + n)x + sin (m — n)x
m—+n m-—-n o

:0’

as if m and n are integers, we know sin ((m + n)m) = 0 for all m, n such
that m # n. The other equalities can be shown similarly. O

2.2 Fourier Series

As we will see later when we look at applications of partial differential equa-
tions in physics, we cannot always explicitly derive the solutions to partial
differential equations: for example the one dimensional wave equation which
is defined as: % = 02%. Motivation: How do we solve the wave equation
for initial arbitrary amplitude f(z)? Idea: We can write f(x) in terms of
sines and cosines (i.e. ag+ aj cosz+ag cos2x + ...+ by sinx + by sin 2z + ...).

A Fourier series expansion of f(x) takes the form:

oo
ap + Z(an cosnx + by, sinnz) (2.5)

n=1

We can use the following Euler formulas to determine the coefficients
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ag, ap, and by:

ao = ;T/f(x)dx (2.6)
an = i/f(x) cos nxdx (2.7)
by, = % /f(:n) sin nzdx (2.8)

These can be found by integrating over [—, 7] on both sides of the equality,
and interchanging the operators [ and ) :

™

/ f(z)dx = /aod:c + Z /(an cos nx + by, sinnx)dz
- n=1",

—T

We can see that:

m ™

oo s
b
/f(x)dx = /aod:c + E <an sinnx + —* cos m:)
n n _
-7 - n=1 4
= 2mayg

Thus,

ag = ;ﬂ_/f(x)dx

To solve for a,,, m > 1, we will multiply the equality by cosmz, inte-
grate, and interchange [ and ) once again:

s s 0o U
/ f(x) cosmadx = / ag cos mxdx + E / (an cosnzx cosmz + by, sin nx cosmx) dx
g n=1 .

Using the orthogonality rules (2.2-2.4), we can see that:

™

/ f(x) cosmadr = ay, / cos®> madxr = Tan,

—T —T
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Thus

1 s
Ay, = /f(:r) cos mad.
7r

K
We can do similar work to show b, = 2 [ f(z)sinmazdz.

We can denote the K*® partial sum of the Fourier Series of f by Sk (7):
calculated as:

K
Sk(x) =ag+ Z(an cosnx + by, sinnx) (2.9)

n=1
If we know f(x), we can calculate the error of Sk (x) by:

21

By (x) = / (f(2) - Sn(a))2de

0

This tells us how different our partial sum is from the function that we are
deriving the Fourier series for.

Example 2.2.1. Find the Fourier series expansion of f(z) = |sinz|

Proof. Using the equations for the coefficients of the Fourier series expan-
sion, we see:

i
1/| d 4 2
ag = — sinx|dr = — = —
0 27 2 T

K
1
an = /\sinx!cosnxdw
T
—7

2(1 4 cosn)
(n?2—1)m
K
1 . .
b, = — /\smx!smnmdw
T
—T

=0.
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— k=1
k=3

— k=5

— k=20

Figure 2.1: Fourier Series representations of |sinz| for various partial sums

Thus the Fourier series expansion of f(x) is

o0

Z 2(1 + cosn)

COSNT
(n?2—1)m

We can see how as n increases, the Fourier Series approaches f(x) =
|sinz|, as we can see in figure (2.1). O

We can use Fourier Series to come up with a fun result: Let f(z) = 22

on [—m,m|. It can be shown that the Fourier Series Expansion for f(x) is

n

cosnx

7_[_ o
TL

We can use this result to show that %2 =1+ 2% + 3% + ..., which is

o0
convergent as » 7712 is convergent by the p-test, since 2 > 1.
n=1
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2 o0 n
-1
72 = f(m :£+4§ (=1) cosnmw
n=1

[y
~—

3 n2

W

2m? j;i (-1)»
_— = D) cosnm
3 = n
2 00 n

-1
% S s

I
(]
—
s ||
B Naw
3
—~
|
—
~—
3

11
=1t st

So far, all of the functions we have looked at have had period of length
27, however, not every period has the same length. It is therefore important
to represent a Fourier Series of arbitrary period. This will allow us to use
Fourier series to tackle a larger variety of problems:

Theorem 2.2.1. [1] Let f be a 2p-periodic function, where p > 0 The Fourier
Series expansion is:

> nm nm
f(x) =ap+ ap coS —T + by sin —x 2.10
(z) = ao Z} » P (2.10)
Where,
P
5, [ Fa)d
ap = on x)dx
-p
P
1
an = /f(z:) cos —zxdz
p
—p
) P
by, = /f(:r) sin —axdzx
p
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Recall, a function f is considered to be even if f(—x) = f(z) for all z,
and f is considered even if f(—x) = —f(z) for all z. Also, if a function is
even or odd, we can see some interesting results.

Proposition 2.2.2. Assume fis a 2p-periodic function, with Fourier Series
representation (2.10). Then f is even iff b, = 0 for all n, and f is odd iff
an =0 for all n.

Proof. Let f(z) be an even function. Then f(—z) = f(x), for all . Then,

ao + Z <an cos <%rm> + b, sin (%x)) = ag + Z <an cos (—%m) + b, sin (—%x))
n=1

n=1

As cos is even, and sin is odd, we can see

(o] o0

. nm . nmw
E by sin —x = — g by sin —x
n=1 p n=1 p

Thus b, = 0, for all n, since the set {sinnx :n =1,2,...} is linearly inde-
pendent.

o0
Now, assume that b, = 0, for all n, then f(z) = ap + Y. ay,cos %ra:.

n=1
Then, for all x,

f(=z) = a0+ ;an cos (—TZT@) =ao + ;an cos <npﬂ:v) = f(z)

Thus, f(x) is even. It is a similar proof for f(z) odd. O

Example 2.2.2. Suppose that f is 2p-periodic, piecewise-smooth, and con-
tinuous, and suppose that f' is also piecewise-smooth. If we let a, and b,
denote the Fourier coefficients of f and a), and b, denote the Fourier coef-

ficients of f'. We can show that:
nm nm
a6 =0, a;l =b,—, and b, = ap—
p p

Proof. Note that we cannot simply differentiate term by term.

p
1
a6 = 2p/f'(x)dm
-p

1
=% f@),, by the F.T.C.

=0
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P
1
a, =~ / f'(z) cos M da using integration by parts,
p p
-p
1 1 r
nm nm nm
= —(f(x)cos —z|” )+ /f(ac) sin (x)dac
p p “P p p p
—p
. P
nm
= (/f(x) sin —xdx)
p p
-p
=,
It is a similar proof to show that b, = —an"?”.

O]

Sometimes, the function f that we wish to represent with a Fourier series
is defined only on a finite interval, like 0 < x < p. This function f is not
periodic, so we must find a way to extend f to a periodic function. This can
be done by the cosine series expansion and sine series expansion of f.
If we can extend f to a periodic function, we can represent it using a Fourier
series. As cosine is an even function, the cosine series expansion will extend
f into an even function. As well, if we apply the sine series expansion, f

will be extended to an odd function.
Theorem 2.2.3. We define the cosine series expansion by
> nm
ao—i—Zancos?x (0<z<p)
n=1

where,

nm

ag = f(x)cos ?xdx (n>1)

D=

p
[ @ -
0

DN
o\_ﬁ

f also has the sine series expansion

o0
ansinﬂx (0 <z <p)
n=1 p
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where,

by, =

[N

p
/f(x) sin %r:vdac (n>1)
0

Example 2.2.3. We can show the half-range expansions for the function
fey=m—zif0<z<mw

Proof. We can use this theorem to find the cosine series expansion:

s
1 1 1 1 1 1
ap = W/(W—I)d% = <mz— 23:2‘3) = <7r2 - 27r2) = §pi
0

™ pi
2 2
ap = — [ (7 —x)cosnxdr = — | wcosnx — x cos nrdr
m T
0 0

™

2
. v
= 231nnx’0 — — | xzcosnxdx

T
0
™
2 X . T 1 .
=—— —smnx‘o — — [ sinnzdz
T |n n
0
2
= —m (COSTM:‘O)
2
= ———5[cosnm —1],n=1,2,3,
™m
B 4
- m(2k +1)2
o0
Thus, the cosine series expansion for f(z)is § + > m cos k. O]
k=0

We can see in figure (2.2), how as k increases, the cosine series expansion
gets closer to f(z) =7 — x on the region 0 < x < 7.

2.2.1 Convergence of Fourier Series

When studying Fourier series, it is important to discuss convergence, most
importantly uniform convergence. We will see that if the Fourier series
representation of some function u(x) converges, and its derivative converges,



22 CHAPTER 2. FOURIER SERIES

| _—"\
250
2
.c._l: R f(x}
15F k=1
i k=5
1.0}
05F .
1 L n 1 1 1 1 .;\ n
-3 -2 - 1 2 3

Figure 2.2: Cosine series expansion of f(x) = 7 — z at various partial sums

then /(x) can be calculated by termwise differentiation. This will aid us
greatly in solving partial differential equations.

A sequence of functions, f,, converges pointwise on a set £ C R if
fn(x) converges to f(x) for every z € E. Uniform convergence is a stronger
statement. We say that f, converges uniformly on F, if given ¢ > 0,
there exists a positive integer N, such that for n > N, |f,(z) — f(2)] < e,
for all x € E.

Generally, when working with Fourier series, we are not working with
a sequence of functions f,, but instead with a series of functions, usually

[e.e]
denoted ) uy(x). This series is said to converge uniformly on a set E if
k=0

n
some sequence of partial sums, > wug(z) converges to u(z) on E.
k=o0
There are many tests that can be used to show that a series is convergent,
including, but not limited to, the comparison test and the n*® term test, but
one of the more useful uniform convergence tests that we will be using is the
Weierstrass M-Test [1].

The Weierstrass M-Test says given a sequence of functions on a set E,
{ur}32,, suppose that there exists a sequence of non-negative real numbers,
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{M}}32, such that the following hold:

(1) |ug(x)| < Mg, forallz € £

(2) ) M <o
k=0

o0
Then > ug(z) converges uniformly on E.
k=0
We can see how the Weierstrass M-Test works in the following example.

Example 2.2.4. Show that

i (Sinkm) e~he (2.11)

k=1
converges on all x > 0.

Take z > ¢ for some 6 > 0. Then

sinkx, _, 1 1 1
e < e < || <[
and
=1
Zeﬁ“X’
k=1

as x is constant as far as k is concerned. Therefore, the above summation
converges, as it is a geometric series with e% < 1, using the Weierstrass M-
Test. There are also important theorems and corollaries regarding uniform
convergence and continuity.

Theorem 2.2.4. [1] Suppose uy are continuous functions on a set E If
o0

> ug converges uniformly to u(x) on E, then u is continuous on E.
k=0

Corollary 2.2.5. [1] Given a 2p-periodic function f with Fourier series
o0

expansion ag+ . (an cos 7 +bp sin 2%), then if the Fourier series converges
1

n=
uniformly on f, then f is continuous, and if the Fourier series converges on
the interval of length 2p, then the Fourier series converges uniformly, and f
18 continuous.
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This theorem and corollary allow us to make an interesting statement
regarding a Fourier series and termwise differentiation.

Theorem 2.2.6. Let E = [a,b] and ui, and u). are continuous on E, and

o0 o0
suppose that u(x) = > ug(x) and Y uj(x) converge uniformly on E. Then
k=0

u(x) is differentiable on E, and u'(x) = ) u)(z).
k=0

We can show that equation (2.11) from example (2.2.4) is differentiable
for all x > 0 using this theorem.

Example 2.2.5. Show that equation 2.11 is differentiable for all x > 0.
What is its derivative?

Slllk
SiIl kﬂ; k OS kﬂ;

—kx (

=e cos kx — sin kx)

e " (cos kx — sin k:z:)‘ < )e*m(l + 1)’

_ )Q/Ekx

<Joe

o0 o0
The sum of this equation converges on z > 0, so as » , ux(x) and kz uy ()
=1

3

k=1
converge uniformly on x > 0, then u(z) = u(z) is differentiable on
k=1

o
x>0 and v/ (z) = kzl u ().
Using the theorems and examples in this section, we will be able to use

Fourier series to help us solve partial differential equations.



Chapter 3

Applications in Classical
Physics

One of the main applications of partial differential equations come in the
area of physics. We can see these applications in the one dimensional wave
equation, which can model the motion of a 1-D wave over time, and the one
dimensional heat equation, which models the temperature of a thin rod over
time. These equations can be seen below:

0%u 5 0%u

One dimensional wave equation: 52 = C 92 (3.1)
0 0?
One dimensional heat equation: a—; = cza—;; (3.2)

where c is a constant, and ¢ > 0.

3.1 The Wave Equation

We can use partial differential equations to model a vibrating string. In this
instance, we are considering “a uniform string undergoing transversal motion
whose amplitude is denoted by wu(z,t), where z is the spatial coordinate, and
t denotes time” [2]. However, in order to do this, some assumptions must
be made about the string [1]:

1. The string has a constant mass density p (homogeneous string)

2. The string is perfectly elastic and offers no resistance to bending (i.e.
we need to only consider an external force of gravity and the internal
force of tension)

25
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3. The motion of the string is transverse only (this implies the horizontal
component of the tension is the same at all points). The transverse
vibrations of the string are small and take place in a plane containing
the z-axis, the zu-plane. Also, the slope at any point go the string,
Ou/dx, is small.

We have already seen the equation for a one dimensional wave in equation
(3.1). We can find the solution to u with given boundary conditions for
a string of length L:

u(0,t) =0 and u(L,t) =0 for all t > 0,

meaning that the ends of the string are fixed at 0. The equation also has
the following initial conditions:

u(z,0) = f(z) and ?;:(x,O) =g(x)for0<xz <L

This gives us an initial position function for time 0, f(z), and an initial
velocity function at time 0, g(x).

We will find a solution to the wave equation by using separation of
variables. This method of finding a solution is called an anzatz, which is an
assumption of the form of an unknown function, in order to find a solution
to the given problem. We assume that the solution of the one dimensional
wave equation takes the form:

u(z,t) = X(x)T'(t)

For our solution, X () is a function of x alone, and T'(t) is a function of ¢
alone. Thus:

Uz = X" (2)T(t) and uy = X (x)T"(t)
We can plug these equations into Equation 3.1 to yield:

X" ()T (1)) = X (2)T"(t)
X" () _ T"(t)
X(x)  E2T{)

These equations are separated, as the function on the left is a function of
x alone, and the function on the right is a function of ¢ alone. As x and ¢
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are independent of each other, the only way that these two equations can
be equal are if they both equal some constant & :

X" = kX and T" = kc*T

We can rule out the cases where £ > 0 and £k = 0, as k£ > 0 yields a
general solution of the form X (x) = ¢; cosh pux + ¢ sinh pax for p > 0. Using
the boundary conditions, we can see that the only ¢, co, that satisfy the
boundary conditions is ¢; = ¢ = 0. If £k = 0, we get a general solution of
the form X (z) = ¢1x 4 c2. Using the boundary conditions, we see again we
must take ¢; = ¢ = 0. Thus we solve these ODEs for £ < 0. If we assume
that k = —u? < 0, p > 0, then we can see that:

X" +u?X =0, X(0)=0and X(L)=0
We can see that a general solution to this equation is:
X = cj cos ux + cosin px.

Using the boundary condition of X (0) = 0, we can see that ¢; = 0, so let’s
say that co # 0, in order to avoid a trivial solution, thus:

sinpul =0

due to the boundary condition X (L) = 0 As the sine function is 0 at integer
multiples of 7, we can see that

nm

W= n = f,n =+1,£2 ...
and so,
X = X, =sin <%x>n — 1,2, ..
We can also use k = —p? = —(%)2 to get the following equation:
T + (c%ﬂ)QT =0

We can substitute in A, = c¢**. Then,

Ty, = by cos A\pt + b} sin A\t
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Where b,,, b}, are unknown coefficients.
Substituting this equation and the equation for X,, we can see:

Up(x,t) = sin (%x) (bp, cos At + by, sin A\pt), n=12 ..

are the normal modes of the wave equation.
We can guess that the solution, u(x,t) will be some infinite sum of the
Uy, and submit

u(x,t) = Z sin (n%:n) (b, cos At + by sin A\pt)
n=1

as a solution of the boundary value problem. In order to completely derive
a solution for the wave equation, we need to determine values for b,, and b},

We can use our initial conditions to help solve for these coefficients.
Plugging in u(x,0), we get:

u(z,0) = f(z) = ansinn—g, O<z<L
n=1

We can recall that this is the same as the sine series expansion for a function
f(z)(Chapter 2, Section2). Thus we we can solve for b, as follows:

L
2
by, = L/f(x) sin %dx
0

We use the second initial condition to solve for b};:

ou ey .omm
E(x,O) =g(z) = Z by \p, sin Tz

This is the sine series expansion for g(z), so we get:

L
2
by Ap, = 7 /g(az) sin %xdw

nm

L
onm 2 |
bn(cf) = L/g(x) sin — xdx
0
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We can use these equations to solve for the the solution of the wave
equation with various initial conditions:

Example 3.1.1. Solve the boundary value problem for the wave equation
with the following conditions:

f(x) = sin7a 4+ 3sin 27wrx — sin 57z
g(x) =0,c=1

Proof. As g(z) =0, b =0.

We can use the above equation to solve for by,:

1
b, =2 /[sin mx + 3sin 2rx — sin Smzx] sin nrede
0
1

2

o

1 1
sin rx sin nrxdx + 6 / sin 2wz sin nrxdx — 2 / sin b sin nrxdx
0 0

We can see, using the orthogonality properties of sin, that b, = 1,3,—1
when n = 1,2, 5 respectively, and 0 otherwise. So,

o
u(z,t) = Z sin nmwx[by, cos nt|

n=1
Thus:
u(x,t) = sinwx cos t + 3sin 3wz cos 3nt — sin bra cos Smt
We can see how the string moves in figure (3.1). O

Let’s also see an example when g(z) # 0:

Example 3.1.2. Solve the boundary value problem for the wave equation
with the following conditions:

f@) = L(e—1),



30 CHAPTER 3. APPLICATIONS IN CLASSICAL PHYSICS
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Figure 3.1: Graph of the solution u(z,t)

Proof. Let us first solve for b,

1 2
3 3 1
: 1 1. 1 :
b, =2 [ Osinnrmzdr + — [ (z — 5)sinnrzdr + — [ (1 — z) sinnrxdr
15 3 15
0 1 2
3 3

We can use integration by parts to show that

bn

_ = 3 3
15

1 20052”77er251112M sin &%
3nm nmw nmw

Now, let’s solve for b};:
1
b, = — / 2sinnrrdr
0

1
= ——5 cosnnx
n2 }0

4
= —— (cosnm — 1)
n

8
(2n+1)2

We can also see that A, = n, thus:

2nm 2nm

s 1 2 cos &% 2sin 22T — gin &% 8
— : 3 3 3 .
u(z,t) = nEZISlnmm: (15 {— Fyoy + — cosnt — Gt 1 smnt)

O]
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3.2 The Heat Equation

We can also use partial differential equations to model the temperature of
a point x of a bar at a time t. Recall, that the one dimensional heat
equation is represented by the equation:

ou  ,0%u

— =

ot Ox?
Like the one dimensional wave equation, the heat equation has boundary
conditions:

O<z<L, t>0

u(0,t) =0 and u(L,t) =0 for all t > 0

which means that the ends of the rods have a temperature of 0 regardless
of time. The heat equation also has the initial condition:

u(z,0) = f(x) for 0 <z < L

which is the initial temperature distribution of the bar. Like with the wave
equation, we will assume the solution u takes the form

u(z,t) = X(x)T(t)

We plug this solution into the heat equation to get:

TI X//
2T~ X
Thus, we can see that
T/ X//
027T = k’ and 7 = k/'

We use these to generate the following two ordinary differential equa-
tions:

T" — k*T =0
and
X"—kX =0

Using the boundary conditions we see that:

X(0)T(t)=0
and
X(L)T'(t)=0forallt >0
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In order to avoid trivial solutions, let X (0) = 0, and X (L) = 0, otherwise
T(t) = 0, for all t. We can use these to obtain a boundary value problem
for X (x):

X" — kX =0,X(0) =0, and X(L) =0

We see that this is the same equation for X (z) that we saw for with the
wave equation, so we know k = —u?, where u = p, = Ty forn =12, ..
Thus:

X:Xn:sin%x,n: 1,2, ..

We can use our value of k£ and substitute it into the differential equation
for T

2
T+ (c”—Lﬂ) T=0 (3.3)

It can be shown that the general solution for T;, is:

T,(t) = bne_)‘%t, n=12 ..

T (t) = —A2bpeMnt
So,
T+ X2T = —X2bpe vl 4+ A2l = 0

where A, = ¢ as with the wave equation. Therefore, the product solution
for the one dimensional wave equation with these boundary conditions is:

A2t oo VT

Un(x,t) = bpe” "n'sin 7o n=12,..
and
- 2 nw
u(z,t) = Z:l bpe ! sin T
n—=

Again, if we plug in ¢t = 0 for our initial condition, we see that:
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Figure 3.2: Graph of the solution to the heat equation, u(z,t)

We also recognize this as the half range sine expansion of f, so we can
write

b'll\”

L
/f sm—xdx n=1,2,.
0

We can see how this solution is used with an example:

Example 3.2.1. Given a rod of length 7, ¢ = 1, and f(z) = sin 30z, solve
the boundary value heat problem.

Proof. Let us first solve for b,,:

™

b, = 2 /sin 30z sin nxdx
T
0

=0 for n #£ 0, g otherwise
As A\, =n, forn=1,2,..., we can see that our solution is:
u(z,t) = ge_SO2t sin 30z
O

We can see how the heat diffuses throughout this rod at different points
in time in figure (3.2)
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Our solution becomes a little different, however, if we consider a problem
where the endpoints are not both at zero. Let us consider the following initial
condition for a rod of length 1:

50 for0<z<1/2
f(z) = /
0 for1/2<x<1

As t approaches oo, the temperature distribution is a function of x alone,
called the steady state solution (or time-independent solution). In the
previous example, as both endpoints were 0, the steady state solution was 0.
In general, since the steady-state solution is independent of ¢, then du/dt =
0. If we plug this into the one dimensional heat equation, we see that the
steady-state distribution satisfies % = 0, as the steady-state solution u is
a function of x only. Thus, we can find a general solution of this differential
equation, Ax + B = 0, where A and B are constants that we can determine
with the boundary conditions. When finding a solution to the wave equation
with nonzero boundary conditions be first find the steady state solution

corresponding to the boundary conditions, calculated by:

I -T

T
i r+ 1

ui(z)

If we subtract u; from the initial temperature distribution, we get the re-
sulting heat boundary value problem

ou 5 0%u

— =c"— 0 L t>0
ot c 922 <x <L, > U,
u(0,t) = 0 and u(L,t) =0, t>0,

u(z,0) = f(z) — ui(z), 0<z<L

If we let ua(z,t) be the solution to this problem, then by our solution in the
case where both ends were 0:

ug(x,t) = Z bpe ! sin <nf7rm>
n=1

where A, = 7%, and

O/L (f(x) - (T2 . LA T1>> sin (%x)dm.

by, =

RN
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Our solution, u(x,t) is obtained by adding us(x,t) to the steady-state solu-
tion:
u(x,t) = u1($7t) = u?(‘rat)
Example 3.2.2. Given a rod of length 1, c =1 and
50 for0<ax<1/2
fla) = /
0 for1/2<z<1
solve the boundary value heat problem.

Proof. Let us first find the steady-state solution, uy:

~0-50

1 z 4 50 = =50z + 50

u ()
We can see that A\, = nm, so we can now begin to solve for b,:

1
bn =2 / (f(z) — (=50z + 50)) sin nradx
0

1/2 1
=2 /(50 — (—=50x + 50)) sin nTxdx + /(O — (—=50x + 50)) sin nrxdx

0 1/2
[1/2 1
=2 / 50z sin nraxdr + /(503: — 50) sin nradx
K 1/2
[ 1 1
=100 /xsinnﬂ'mdm — / sinnwxdx
1 0 1/2
I Lo 1 !
=100 | ——xcosnmx| + — /cos nnxdx + — cosnwx using IBP
nmw 0 nm nmw 1/2
L 0
[ 1 Lo 1 nr
=100 | —— cosnm + — 5 sinnre| + — cosnm — — €os ——
nmw n2m o nm nmT 2
=100 ,L cos nj} .
| nmw 2

Thus,

oo
1
ug(x,t) = Z 100 [_mr cos n;] e "™l sinnra.
n=1
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Figure 3.3: Graph of the heat equation with non-zero endpoints at different
time steps, with initial condition f(x)

When n is odd, we see that b, is zero, therefore,
= (—1)k+1 —(2k)27%t
ug(x,t) = IOOZ ——e ™t sin 2kma.
= (2k)m
So,
o0 —1)k+1
u(z,t) = —50x + 50 + 100 Z ((Qk))we(%)%% sin 2kmz. (3.4)
k=1

O]

We can see a visualization of this solution in figure (3.3). Notice how
the graph approaches the steady-state solution as the time increases.



Chapter 4

Bessel Functions

As partial differential equations get more complex, we need different meth-
ods. As we will see, when studying the 2D wave equation with circular
symmetry, the methods we have looked at to this point are not adequate for
finding and defining a solution.

We can look at Bessel’s equation of order p:

22y +ay 4 (2 — pHy =0 (4.1)
Where p > 0 is a real constant. To find a solution to this ODE, let us use

another Ansatz: this time we will assume that the solution takes the form
of a power series:

[o¢]
Y= Z anxt" with constant r
n=0
Then
o0
/=30t o
n=0
and

[e.e]
y" = Z(n +7r—1)(n+r)a,z""?

n=0

37
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Plugging these into equation (4.1), we get:

0=2° Z(n +r—1D)(n+r)az"T? 4z Z(n + r)anz™ T 4 (27 — p?) Z anz™t"
n=0 n=0 n=0
(oo}

o0 oo oo
0= (n+r—1n+raz"" +> n+raz"" +> anoa™ +p° > apa"™"

n=0 n=0 n=2 n=0
We can write out the n = 0 and n = 1 terms of the first, second, and fourth
summations so that the everything else can be written as a summation from
0 to oc:

Ozao(r(r—l)—l—r—pQ)xr—l—al (r(r+l)+(r+1)—p2)xr+1

+3 " [((n+ )t = 1) + (4 1) = p?) an + an_g] 2"
n=2

If we simplify the 2" and z"*! terms, we get
0 =ag(r? —p?)
0=ai((r+1)*-p°)
Using the summation, we also get the following equation for a,:

Ap—2

————— forn>2

(n+7r)?—p? -

If we assume ag = 1, then we get the result r = £p. If we also assume
r = +p, then we see that a; = 0. By the way we define a,, any odd n would
make a, = 0. If n is even, we can see:

p = —

an—2 _ an—2
(n+p)? — p? n(n + 2p)

. We can see that in general:

ap = —

_ (_1)k
asgy = 22kk!(p_|_ 1)(p—|— 2)...(p+ k;)’

Therefore, we can define the solution to the Bessel Equation of order p

for k£ > 1.

R (=1)"
Jp(@) = kZO 2%kl (p+1)(p+2)...(p+ k) S (42)

In figure (4.1) we can see the plots of Jy(x) and J;(z). We can see, and
will show later, that Jy(x) is a lot like cosz and Ji(z) is a lot like sinz.
However, we must first show that J,(x) is actually a solution to a Bessel
equation of order p:
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Figure 4.1: Graphs plotting the partial sums of Jy(z) and Jy(z) from k =0
to k =50

Proof. We will first show that J,(x) converges on all values of x. This will
be done using the Ratio Test:

(=)t
I = lim | ZO 0D @D ) et
n—oo (_1)77,
220 (n)(p+1)...(p+tn)
2n (| e
= lim 2" () (p+1)...(p +n)(1)

n—oo | 22(n+1) (n + 1)(p+1)...(p +n)(p+n + 1)(=1)"
—1
= 1‘ =

S oy Ty |

Thus Jy(z) converges on all values of .

We can see that the above ratio is independent of x, provided that x is
limited to a fixed interval [a,b]. This would make the rate of convergence
independent on x, we can see that Jp(z) is uniformly convergent on the
interval [a,b]. Thus it is continuous on the whole interval, and therefore on
[0, 00).

As Jp(z) is uniformly convergent, if we can show that the termwise
differentiated series is uniformly convergent, then J,(z) is the termwise dif-
ferentiated series. Again, we will use the ratio test to see that this is the
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(—1)"+t1(2(n+1)+p)

I = Lim |20 04D+, (ptn) (prntl)

n—oo

(=1)"(2n+p)
222 (n!)(p+1)...(p+n)

22" () (p+1)...(p + 1) (1) (2(n + 1) +p)

= lim

=00 | 22D (0 + 1)I(p + 1)...(p + 1) (p + 1 + 1)(=1)"(2n + p)

= lim

(-1)2n+p+2)

oo |4+ Dp+nt D@n+p)|

Thus, Jp(x) is the termwise differentiated series of .J,(x), by Theorem 2.2.6.
A similar argument is made to show that J;(z) is the termwise differentiated
series of J)(z). Therefore, we can see that J,(z) is a solution to Bessel’s
Equation, using termwise differentiation. O

4.1 Properties of Bessel Functions

We can see some interesting relationships between Bessel functions, espe-
cially those for values of p that differ by whole numbers:

Proposition 4.1.1. For any p > 0,

and

Proof.

T

d p —
(@ y(a)) =

@) = Ty (),

@ Pdy(@)) = ~a Py (2)

d (v (-1* (k+p)
% (kzo 22k(k!)(p—|— 1)...(}9—1—/6)12 . >

oo 1 k B
= Z o k:!)(p(+ 1))“.(]9 s (2k + 2p)a2k+2r—1

DF2(p + k)
— P 2k+(p—1)
- 222’“16' o+ Dep+ B)

(_1)k x2k+(p—1)

_‘”pza% B+ D ((p—1)+ k)

k=0
= P Jp(x)
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The proof to show %(m_pJp(x)) = —27PJp41(x) is similar. O
We can use this proposition to show the following about Jy(x) and J;(z):

Corollary 4.1.2. Jy(z) = —J{(x)

Proof.

2 (o)) = 2 (*Jo(w))

= —2%Jy,1(x)(by the proposition)
= —Ji(x)

O

So we can see in figure (4.1), that Ji(z) is the negative derivative of
Jo(w)

Proposition 4.1.3. Forp > 1,

Toa (@) + Jya(a) = L ()

Proof.
(@ Jp(x) | gk (@ PTp(x))
Ty (@) + Jppa (@) = S 4
xP J) () + paP~ L, () xP I (x) — pr P71, (2)
— + —
xP —_xp
= JI’)(x) —i—px*lJp(x) - JII,(JI) +px*1Jp(x)
= 2pz ()
_ 2
=~ Ip(2)

4.1.1 Zeroes of the Bessel Functions

We are interested in the zeroes of the Bessel functions like we are in the zeros
of other functions, such as sine and cosine. As we can see in figure (4.1),
the zeroes form an infinite sequence increasing to infinity. These zeroes of
the Bessel function are analogous to the solutions that we saw with the
one dimensional wave equation with sin 7x. We will use these solutions
in a similar way when using Bessel functions to solve partial differential
equations, which we will see in the next section.
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4.1.2 Orthogonality of Bessel Functions

One of the main reasons that we are interested in Bessel functions as a
solution to partial differential equations is because like sin and cos, they
have orthogonality properties that we can utilize in our solutions.

Proposition 4.1.4. If j # k are both positive integers, then
1
/Jn ap, jx) Iy (o gr)rde =0,
0

where o, j is the j zero of J,(x).

Proof. Fix a,b > 0. First, we will show that J,(ax) and J,,(bx) are solutions
to the following ODEs, respectively:

2%y + zy + (a%2® —n?)y =0 (4.3)
22y + oy + (222 —n?)y =0

First, note that J,(u) is a solution to the following Bessel’s equation of
order n:

Replacing u = ax, we see:

5 o d° d 2.2 2
@z’ (Jn(az)) + az— (Jn(ax)) + (a*z* — n)Jp(ax) =0

_du d
Where 4 4o = Ty gu- Then,

1 1
a’z? <a2> Jy(ax) + ax (a) Iy (az) + (a’e? = n®)Jn(az) = 0
Thus,
227" (ax) + zJ,(az) + (a2 — n?)J,(ax) =0

The proof for J,(bx) is similar. If we divide equation (4.3) by z, we get:
nQ
zJ) (az) + J} (az) + (an — ) Jp(ax) =0
T

2 (wpan)) = - <a2x - 75) Ju(az)
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Multiplying both sides of this equation by J, (bz) yields:

n2
d(i (z;,(az)) Jp(bz) = — <a2x - $> Jn(az)Jy, (bx)

We can take the integral of both sides as follows:

1 1

/% (zJy,(ax)) Jn(bz)dx = —/ (a2x - g) JIn(azx)Jp (br)dz
0

0

1
2

xJ, (ax)J, (bx) }0 /136,]'( )di (Jn(bz)) dx = —/ (an— %) Jn(az) I (bz)dz

0
1 1
Jl(a)Jn(b) — /:CJ (aa:) d (Jn (b)) /<a xz— —) JIn(az)Jp (bz)dz
0 0
We will call this equation (x,). Similarly, we will represent () by:
1 1 9
50)Iu0) = [ 220 g Guta) do = = [ (40 = ) 1u00) g aa)da
0 0
If we suppose that a, and b are distinct zeroes of J,(x), then (¥, — *p)

becomes:

Xz T

lx T (az)-L (J (b)) — ' (b2) "L (Jo(az))| da
0/ [ d d

1
(a —b2 /Jn n(bx)xdx
0
O

4.2 Applications of Bessel Functions: Symmetric
Vibrations of a Circular Membrane

The two dimensional wave equation is written as

@ o ((partial*u n @
oz~ ¢ dz? oy? )’

In this case, and in equations with higher dimensions, we refer to a u y 0 8y
as the Laplacian of u, denoted du.We can convert the Laplacian into polar
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coordinates, and can see that the two dimensional wave equation in
polar coordinates is written as:

2 2 2
8u_2<8u 10u 18u> (4.4)

o2 “\ar Tror T 2o

We are studying the case of symmetric vibrations, g—z = 0, so equation

(4.4) becomes

0%u Pu  10u
oz =¢ (87“2+r(97“) (45)

We define the membrane as clamped at the edges, so we have a bound-
ary condition:

u(a,t) =0, t>0,

Where 0 < r < a and t > 0. This means that the edge of the membrane is
held at zero for all points in time.
We also have the following initial conditions:

du

’U,(T, 0) - f(T’), ot

(r,0)=g(r),0<r<a

Where f(r) is the initial position of the membrane, and g(r) is the initial ve-
locity of the membrane. Similarly to the one dimensional wave equation and
one dimensional heat equation, a solution can be found using the separation
of variable method. If we assume that the solution is of the form:

u(r,t) = R(r)T'(t)

Then we can find the solutions of R and T by first plugging them into
equation (4.5) and separating the variables. We see that:

T/ 1 1 1 / 2
C2T—R<R L) =

for some constant A\. The sign of the constant is set to be negative because
we expect T to have a periodic solution. So,

rR'"+R +)XrR=0, R(a)=0 (4.6)
T+ NPT =0
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We can see that equation (4.6) is a Bessel’s equation of order zero in para-
metric form. However, the equation is second order and homogeneous, so we
need two different linearly independent solutions o write a solution. There-
fore we will need to use Bessel functions of order 0 of the first and second
kind, denoted: Jo(Ar) and Yy(Ar) respectively. Then,

R(r) = c1Jo(Ar) + c2Yo(Ar)
Since this equation is rooted in the physical world, we expect the solutions to
the wave equation to be bounded at all r. Y is unbounded as r approaches
0, so we must choose co = 1. If we want to avoid a trivial solution, we select
c1 =1, so,
R(r) = Jo(Ar)
Applying the condition R(a) = 0, we get
J()()\(I) =0
So Aa must be a root of Jy. Then,

A= =2,
a

where «,, is the nth positive zero of Jy. So we can see that:
Ry(r) = Jo(%r),n ~1,2,..
Using the same A, we can also see:
T, (t) = Ay, cos cApt + By sineApt

Utilizing the same superposition principles that we saw with the heat
and wave equations, we can write our solution u by:
o0
u(r,t) = Z (Ay, cos cApt + By sineApt) Jo(Anr)
n=1
In order to determine the coefficients of this solution, we will need to use
Fourier-Bessel expansions of a function f, which is seen as follows:

Theorem 4.2.1. [1] Given a function f that is piecewise smooth on an
interval [0, al, then f has a Bessel series expansion of order p on the interval
(0,a) given by

f(z) = Z AjJp(Apjz) (4.7)
j=1

where Ap1, Ap2, ... are the zeroes of the Bessel function J,.
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Setting t = 0, we get,

u(r,0) = f(r) =Y AnJo(Aar),
n=1

which we can recognize as the Bessel Expansion of f of order p = 0. To solve
for A,,, we can first multiply both sides by Jy(Ag7)z and integrate term by
term on [0, a] The we see:

a

/ f(@)Jo(Mpz)zdz = ZA / Jo(Anz) Jo(Mpz)zd

n=1 0

We can use the orthogonality properties of Jy to show that the right side is
0 except for when k = n. If we cancel out the zero terms, and use the fact

that f J2(Apj)zde = % Jp+1(0‘p3) where A, ; = %24, then

[ f(@)Jo(Apr)rdr
A, =2

JE(A\pr)rdr

Ct—q

2 a
:a2J12(an)0/f(r)Jg()\nr)rdr

We can also termwise differentiate our solution u and use the other
boundary condition to solve for our other coefficient:

[ee]
ug(r,0) =g(r) = Z cAnBnJo(Anr)
n=1
Similarly as above, we can see,
B, = /g Apr)rdr
canajl o)
0

Thus, we have all the tools we need to solve a vibrating membrane problem.
We will show this with some examples.

Example 4.2.1. Solve vibrating membrane problem for the given data: a =

2,c=1, f(r)y=0, g(r) =1.



4.3. OTHER ORTHOGONAL FUNCTIONS 47

Proof. Let us first solve for the coefficients:

2
2
A, = m O/(O)Jg()\nr)rdr

2
0) (by Corollary 4.1.2)

Thus, our solution is:

i =3 o () ()

n=1

4.3 Other Orthogonal Functions

Frequently throughout this paper we have discussed orthogonal functions
and their uses, however we have not fully defined the concept that we are
using. Let us define a real linear space V' as a (real) inner product space
[2] if for any two vectors u,v € V, there is a real number (u,v) € R, that is
the inner product of u and v that satisfy the following:

1. (u,v) = (v,u) for all u,v € V

2. (u+v,w) = (u,w) + (v,w) for all u,v,w €V

3. (au,v) = a(u,v) for all u,v € V and a € R

4. (v,v) >0 for all v € V', moreover, (v,v) > 0 for all v # 0

We want to consider functions as vectors in a vector space. Just as we
“dot” vectors in a R™ to find the angle between the vectors, consider the
“dot product” of two functions f, g, which we will denote as (f, g), where
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f, g are both defined and continuous on some interval [0,p]. We then refer
to the inner product of f and g by:

p
— / f(@)g(x)da
0

Just as with dot products of vectors, we say that two functions are or-
thogonal if their inner product is zero.

We have already seen examples of orthogonal functions with sine, cosine,
and Bessel functions. In the following subsection, we will see one more
example of these orthogonal functions, which we will use further on in the

paper.

4.3.1 Hermite Polynomials

There is another group of functions that is important to study in this ex-
ploration into partial differential equations: Hermite Polynomials. Like
Bessel functions, sine and cosine, Hermite polynomials have interesting ex-
pansions and orthogonality properties that we can use to solve partial differ-
ential equations. The PDE in question is Hermite’s differential equation
of order n

y" — 2zy’ + 2ny = 0, —00 < & < 0 (4.8)
o0
If we assume a solution of the form y = >  a,,2™, we can derive the
m=0

following relation for the coefficients:

2m — 2n
(m+2)(m+1)

Am+2 = A, m=20,1,2,...

Therefore, all the even a,, can be determined from ay and all the odd a,,
can be determined by a;. Using this equation, we see that a,i2 = 0 so
ant+q = 0, and so forth. We can see that one solution is a polynomial of
degree n. If we set a, = 2", we get the Hermite Polynomial, H,(x):

n—2j
! Z ' (22) (4.9)

TL*Q]

where M = 5 if n is even and M = T if n is odd. As with our other func-
tions, the Hermite polynomials have interesting orthogonality properties.
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When the product of two Hermite polynomials are taken and multiplied by
a weight function, in this case, 6’_:02, we can see the following:
We can derive the first few Hermite polynomials using equation (4.9)

Example 4.3.1.

M 1Vi(94) 2
Ho(x)zolz(;!)((zj;!,M:O

Theorem 4.3.1. For non-negative integers m and n, such that m # n:
(e}
/ Hm(x)Hn(x)e_$2d:U =0.
—00

If m=n:
/ Hi(x)e_dex =2"nl\/7

We can also represent the nth Hermite Polynomial with the following
Rodrigues-type formula [1]:
1.2 dn 2

H,(z)=(-1)"¢ we_x (4.10)
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We will verify this by deriving Hy, Hy, H2, Hs3, using this formula.
Example 4.3.2.

0
o 0 $2 d 71.2
Hy(z) = (—1)"€ 70¢

Hy(z) = (—1)1&2%6—%2

= (—1)(—233)6””26_””2

Hs(z) = (—1)3*” (j;e—22>
= ¢’ <(72l‘)36_12 — 8xe ™ — 4xe_m2>
= 82% + 12z
We can use equation (4.10) to show the following:

Proposition 4.3.2.

H,(z) =2xH, 1(x) — H,_;(z),n=1,2,...
Proof.
2 d’l’b 2
H, — (=1 R
@ = (e T
2 2 2 dTL 2
1) " H, _ 1) " 1) LT
(e Ha) = (1) |1 S|
e
 dan
. d dn_l g2
dz | dzn—1°
Thus,
5 dnfl
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So,
(—1)”67$2Hn(‘r) = % [(_1)%16%2}]”_1(3:)]
o o)+ )
— (—)" e [~22H, o (x) + H)_y ()]
Therefore,

Hy(x) = 2xHp 1 (2) + Hp,_y(x)
U

We can also demonstrate the orthogonality of the Hermite Polynomials.
For instance, consider:

/ H, ($)H2(.’L‘)67I2d$

Example 4.3.3.

/Hl(x)Hg(x)e_xde: /(8x3—4x)e_x2dx
:8/x36_x2da:—|— /(—4)xe‘x2dx
—o0 —o0

We can break this up to evaluate:

oo
Use Mathematica to find 8 f $3€_x2d.7}, . We can then see the Mathe-
—00
matica input in Listing 4.1:

Listing 4.1: Mathematica Input
Integrate [x"(3)xE "(—x"(2) )dx,{x,—Infinity, Infinity }]

o0
8 / e dy = 4e=" (-1-— a;2) ‘iooo
—0o0

=0
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o0

We can use u substitution to solve [ (—4)xe*‘”2d$, setting u = —x%, we
—00
get:
2/e“du = 267102‘00
—00
=0
Thus,

/ Hl(x)HQ(x)e_xzdx =0

We will see a use for Hermite polynomials in the next chapter as we look
at some applications in quantum physics.



Chapter 5

Schrodinger’s Equation

One of the most interesting applications of partial differential equations oc-
curs in the world of quantum physics. Sir Isaac Newton was able to model
the motion of most objects, however very small particles, like electrons, were
beyond the scope of his work. There is a famous result in quantum physics
that states that one cannot be certain of the position and the velocity of
a particle at any point in time. As we increase our knowledge about the
position of the particle, we decrease our knowledge of the velocity, and vice
versa. Since we cannot know exactly the position and velocity with exact
precision, physicists began to develop a theory that is based on statistical
viewpoints. “This revolutionary theory, known as quantum mechanics, pos-
tulates that the position of atomic particles can only be determined with a
certain probability” [1].

If we consider a single electron moving along the z-axis, we attach a
probability density function at a given time ¢, denoted p(z,t), that
shows the probability that we will find the electron in a given interval [a, b]
at the specified time.. We can calculate this probability as follows:

b

/ plz, t)dz

a

Another important component to discuss is the wave function of the
electron, denoted v (), which is a complex-valued function. We can compute
the probability density function for the electron by its wave function. More
specifically:
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Where () is the complex conjugate of ()

We can now begin to discuss the 1D Schrodinger Equation for
Y(x,t) € C, for position z and time ¢. We define the One Dimensional
Schrodinger Equation as:

ou _ 0%

m@t ou Ox?

+ V(z)y(x), (5.1)
Where h is Planck’s constant, which Einstein used in his explanation of the
photoelectric effect, and serves as a fundamental constant in the formulation
of quantum mechanics [1]. p is the mass of the particle, and V is a function
for the potential energy of the field in which the particle is located. Notice
that V is independent of time.

Once again, we are going to take a separation of variables approach to
the solution of this equation. Assume:

P, t) = U(x)T(t)

S0,

_h?
ihT' (1)U () = —U"(2)T(t)
I
Example 5.0.4. Let us examine a classic case in studying Schrédinger’s
equation: the “particle in a box”, i.e.:

0, ifa<x<b
(OER Sty
o0, otherwise

i.e. the particle can only be found in the box defined by [a,b]. The potential
outside of the box is sufficiently high that the probability of finding the particle
outside of the box is zero. Then V(x) = 0 in this equation. For the sake of
this example, let us take [a,b] = [0, L], for a constant L. Thus,

where E is the separation constant, then

E —iFk
T = =T =
ih h
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This takes a solution of the form:

T = Ae = ecC
We can also see that:
2uF
1!

And since E > 0, and we can define A = \/25?7
U(z) = sin Az

Since U(L) = 0, then sin AL = 0, or AL = nz, forn =1,2,.... So we can
see that
n?m2h?

Bt =

form=1,2,...
Therefore, we get a solution to the one dimensional Schrédinger equa-
tion:

—iEnt nm

p(z,t) = Ae”n  sin T

In general, we get:
oo
77/}(1'7 t) = E Cn¢n(xa t)
n=1

We can use Mathematica to graph various solutions to the particle in
a box problem. In figure (5.1) we can see the both the real and imaginary
parts of ¥ (x,t), as well as the probability density function | (m,t)\Q and
see how these components evolve over time. We can see that the real and
imaginary components of the wave function 1, evolve and change with time,
but the probability function is independent of time.

We can also see an example in which the probability function is not
independent of time. This occurs when we look at the superposition of two
of these states: %1/)1(% t)+ %’(ﬂg(l‘, t). We can see this in figure (5.2). We
can see that as t changes, not only do the real and imaginary parts of the
equation change, but the probability density function evolves over time as
well.
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— Real Part
. — Imaginary Part
— Probability Density

L oz o o o5 0
s
s
. — Real Part
— Imaginary Part
2 —— Probability Density
== g 7o
2 \; //

— Real Part

N

— Imaginary Part
— Probability Density

— Real Pat
— Imaginary Part
— Probabilty Density

Figure 5.1: Plotting how 1 (x,t) changes with time

— Real Part

/\/\/\ A/\/\ /\/\/ ~— Imaginary Part
\VJ \/ V) \/ \V3 \/ —— Probability Density Function

— Real Part

~— Imaginary Part
— Probability Density Function

— Real Part
— Imaginary Part
— Probability Density Function

— Real Part

4 ~— Imaginary Part

—— Probability Density Function

Figure 5.2: Plotting how \/iiwl (z,t) + %wz(x, t) changes with time
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5.1 The Quantum Harmonic Oscillator

The quantum harmonic oscillator, which is an analog to the spring-mass
system in quantum mechanics. We model the small vibrations of a particle
of mass 11 that moves along the z-axis under a potential force V(z) = ka2,
where k is a constant. Using this potential, Schrodinger’s equation becomes:

8 K2 92
(,;f 9,50 2¢+ k 24, (5.2)

where 1) = ¢ (x,t) is the unknown wave function. We want to solve this with
a given initial wave function

P(z,0) = f(x) (5:3)

The separate equations now consist of the following:

i
T = ——ET
h

and the one dimensional time-independent Schrodinger equation:

i " e =B (5.4)
——Uu —RT U= LU .
21 2

We will show how Hermite’s differential equation relates to equation (5.4):

22
Recall equation (4.8) and substitute ¢(z) = e~ = y(x) to yield:

CZL; (¢(m)e§> - 23:% (d)(m)eé) +2n (¢(x)e§) =0

©

x

—2xe%¢( )+ 2np(x)e T =0
)—296 ¢() + 2n¢(z)]
[qﬁ”+¢(2n+1fx )]

0

a
w“"
BN
N
BN
&
+
=
&
+
@
N‘"! /\

0

We have seen that H,(z) for n = 1,2, ... is a solution for y" —2xy'+2ny = 0.

ac2
Thus e 2 H,(z) is a solution for the above equation.
We can also show that ¢,,(z) and ¢, (x) are orthogonal for m # n:
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7 b (@) () d = 7 % Hon(w)e™ Hy(w)de

_ / Hyo (@) Hy ()" da = 0

as Hermite polynomials are orthogonal functions, with respect to weight
e, Similarly, we state that

]O[qﬁm(fr)]?dx = 7 H2 (z)e " do = 2™mIV/7

[e.e]
as it can be shown that [ H2(z)e " dz = 2"nl\/x[1].
—00
We say that a function f is normalizable if f tends to 0 at infinity, and
|f|?> has a finite integral over the defined space. Then we can see that the
differential equation

"+ N=2%)p=0 (5.5)

has normalizable solutions on (—o0, 00) only when A = 2n+1 forn = 1,2, ....
In this instance, our solutions are Hermite polynomials.

h

_ — 2 :
Now, define x = 7S where k = pw®, and apply the change of vari-

ables to equation (5.4). We will use this change of variable to produce a
solution to the quantum harmonic oscillator problem. Then:

h? 1
—ﬂu" + ilmzu = Fu
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becomes, as 7- = J- G

R 1 9% 1, 4 h
-_— 8 = —_ e :E
2N< h)2882+2(uw )/Msu u
Hw
h pw Pu 1, 5 h
<—M><n)&a+zwth3“—E“

82
2Fu + hw—u — hws?u =0
0s?
2B 9*u
E’U] + @ —s“u=0
So we see that the equation has been transformed to:

*u (2B
92 <m0‘8>“‘0

Thus, using the conclusion we made from equation (5.5), we see that the
solutions to this equation are £ = E, = h (n + %) ,n=20,1,2, ..., and each

FE,, has the following solution:

UJCBQ
up(x) = e " H, < M;Lum> ,n=20,1,2,...

We can use this result in conjunction with our product solution to the
one-dimensional Schrédinger equation to show that the product solutions of

equation (5.2) are:
j y Wﬂfz
bl ) = A B, = A B g ([P

One last time, using our motivation of the superposition principle, we
see that the general solution to the quantum harmonic oscillator is:

0 2
0= Ane /e 5 g, () 2
(x,t) 7;) e e 5 “a

wmz © -

To solve for A,,, we will use the following theorem, recalling ¥ (z,0) =

f(z). Then, ¢(z,0) = f(x) = > Ayuy(x), for some normal mode solution
n=1

up (z). We use orthogonality in the usual way to show:
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Theorem 5.1.1.
A, = /f(x)un(:c)dx//u%(x)d:c

1]

We know from previously that:

/ui(x)dx— i2”n!\/7>r
\/ pw

—0o0

Ay, = 1/'[;(;27%1!\/7? / f(@)up(x)dx
B Hw 1 i ,M;};z &
= 4 /?72%1!\/7? / f(x)e H, (,/ . x> dx.

Example 5.1.1. Take % =1 and consider the initial value problem given
12

by equations (5.2)-(5.3), where f(x) = Ae” 7.

Proof. We first need to normalize f(z). This is known to be when A = ﬁ

Then we can solve for A, by:

1 T 2
= —_— -z /2 H

Thus,

1 oo
= / e_‘EQHn(:E)da:

2nnlr
—0oQ

- / ¢~ Ho(x) Hy (2)dz.,

ol
—0oQ

which is 0 for n # 0, but when n =0, Ay = m(QO(O)!\/Tr) = ﬁ Thus,

bty =5 ( ) B0ty ()

1 2

_Z_
2

-

= =
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